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Determining the thermal stresses induced by inhomogeneities
is a very important problem in studying the thermoelastic behavior
of advanced engineering structures. Knowledge of the thermal
stresses is needed to improve the performance of these structures
and to predict reliable service lifetimes.
It is well-known that, in addition to cracks, signiﬁcant stress
concentrations occur near the rigid sheet-like edges of inclusions,
from which cracking, debonding and damage may emanate. Cracks
that are characterized by a displacement discontinuity and ﬂat
rigid inclusions (known as anticracks) with a traction discontinuity
are two dangerous extremes of inhomogeneities in bodies. There-
fore, fully three-dimensional thermoelastic problems involving
cracks and anticracks in elastic solids have become the subject of
extensive investigations because of the importance of the prob-
lems in structural integrity assessments. Considerable advances
have been made in studying crack problems with thermal effects:
see for example, monographs by Kassir and Sih (1975), Kit and
Khay (1989) and Dell’Erba (2002). Solutions of signiﬁcant problems
involving penny-shaped, elliptical and half-inﬁnite plane cracks
have been developed by Florence and Goodier (1963), Kassir and
Sih (1967), Kassir (1969), Kit and Poberezhnyi (1972), Barber
(1975), Krishna Rao and Hasebe (1995), Chaudhuri (2003a,b,
2012) and Stadnyk (2010) for isotropic bodies and by Tsai(1983a,b), Noda and Ashida (1987), Kirilyuk (2001), Podil’chuk
(2001), Chen et al. (2004) and Li (2012) for transversely isotropic
media. However, considerable fewer studies have been conducted
on the thermal stresses around anticracks. Two dimensional prob-
lems, such as an insulated or conductive ribbon-like rigid inclusion
in an isotropic elastic body, have been studied by Sekine (1977)
and Sekine and Mura (1979). Thermoelastic plane problems of
the disturbance of a uniform heat by an elliptic rigid inclusion in
an anisotropic elastic matrix were investigated by Lin and Hwu
(1993) and Chao and Shen (1998). Comparatively fewer three-
dimensional analyses have been conducted because of the mathe-
matical difﬁculties encountered in the solution of these problems.
Intractable results for inﬁnite transversely isotropic bodies con-
taining rigid elliptic inclusions under various temperature loads
were reported in a review by Podil’chuk (2001). Kaczyn´ski and
Kozłowski (2009) developed a method to determine the steady-
state thermal stresses and deformations in an elastic isotropic
space that has been weakened by an insulated anticrack of arbi-
trary shape under a uniform perpendicular heat ﬂow. In particular,
Kaczyn´ski and Monastyrskyy (2009a) obtained a complete elemen-
tary solution for a penny-shaped rigid inclusion with heat conduc-
tivity. More recently, Kaczyn´ski and Monastyrskyy (2013) studied
a case in which heat ﬂow is incident along the inclusion plane.
For the past several decades, transversely isotropic materials
(e.g., hexagonal crystals, some ﬁber-reinforced composites, piezo-
electric materials and rocks) have been widely used in materials
science and geomechanics (Ting, 1996). Yue and Selvadurai
(1995), Chaudhuri (2003a), Altenbach et al. (2004) and Shodja
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have a wide range of practical applications. Hence, it is natural to
evaluate the strength of transversely isotropic materials using
solutions from analogous problems in the theory of thermoelastic-
ity for bodies containing anticracks. The objective of this paper is to
include the effect of material anisotropy in analyzing a uniform
heat ﬂow that is perpendicularly incident on a rigid lamellar inclu-
sion. Thus, the results obtained by Kaczyn´ski and Kozłowski (2009)
are generalized to transversely isotropic materials that are charac-
terized by ﬁve elastic constants and two thermal moduli.
This paper is organized as follows. In Section 2, the fundamental
equations of linear transversely isotropic thermoelasticity are
presented, neglecting the effects of both coupling and inertia.
Consequently, a thermal problem and a problem with induced
thermal stresses are formulated and solved for an arbitrarily
shaped anticrack in Sections 3 and 4, respectively. As an illustra-
tion, a complete solution is formulated and analyzed for the
penny-shaped rigid inclusion in Section 5. Finally, Section 6 con-
cludes the article.
2. Transversely isotropic uncoupled thermoelasticity
First, we outline the governing equations of thermoelasticity in
an uncoupled static setting for a transversely isotropic medium. A
more detailed treatment may be found in the monograph by Ding
et al. (2006).
The following index notation is used throughout the paper:
Latin subscripts always assume values 1, 2 and 3; and Greek
subscripts assume values of 1 and 2. The Einstein summation
convention holds unless otherwise stated, and subscripts preceded
by a comma indicate partial differentiation with respect to the
respective coordinates.
In a rectangular Cartesian coordinate system O X1 X2 X3 denote
unknown quantities at the point ðx1; x2; x3Þ: T denotes the variation
in the temperature (where T ¼ 0 corresponds to the stress-free
state); and the components of the displacement, the stress and
the heat ﬂux are denoted by ui;rij; qi, respectively.
Consider a homogeneous transversely isotropic thermoelastic
space and assume that the axis of elastic symmetry coincides with
the X3-axis such that the X1 and X2-axes lie in the plane of trans-
verse isotropy.
Neglecting the effect of the strains on the temperature ﬁeld
allows the thermoelastic problem to be re-cast as two separate
subproblems that must to be solved consecutively. The ﬁrst prob-
lem is a purely thermal problem that is governed by the Fourier
law of steady-state heat conduction and the 3D quasi-Laplacerigid sheet-like inclusion 
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Fig. 1. An anticrack in a transversely isotropic space under a vertically uniform heat
ﬂow.equation for the temperature distribution in the absence of heat
sources (Nowinski, 1978)
qa ¼ k1T ;a; q3 ¼ k3T ;3; ð1Þ
T ;cc þ k20 T ;33 ¼ 0; ð2Þ
where k1 and k3 are the conductivity coefﬁcients in the O X1 X2 of
isotropy plane and the X3-direction, respectively, and k0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1=k3
p
.
After the temperature ﬁeld has been determined using the pre-
scribed thermal boundary conditions, one can solve the induced
thermal stress problem that is governed by the generalized Lamé
displacement equations of static equilibrium in the absence of
body forces,
1
2
ðc11 þ c12Þuc;ca þ 12 ðc11  c12Þua;cc þ c44ua;33 þ ðc13 þ c44Þu3;3a
¼ b1T ;a; a ¼ 1;2
ðc13 þ c44Þuc;c3 þ c44u3;cc þ c33u3;33 ¼ b3T ;3;
ð3Þ
and the constitutive stress-displacements relations for transversely
isotropic thermoelastic materials:
r3a ¼ c44ðua;3 þ u3;aÞ; ð4Þ
r33 ¼ c13uc;c þ c33u3;3  b3T; ð5Þ
r12 ¼ 12 ðc11  c12Þðu1;2 þ u2;1Þ; ð6Þ
r11 ¼ c11u1;1 þ c12u2;2 þ c13u3;3  b1T; ð7Þ
r22 ¼ c12u1;1 þ c11u2;2 þ c13u3;3  b1T; ð8Þ
where the thermal moduli are given as follows:
b1 ¼ ðc11 þ c12Þa1 þ c13a3;
b3 ¼ 2c13a1 þ c33a3:
ð9Þ
In the equations given above, cij are the ﬁve independent elastic
constants, and a1 and a3 denote the coefﬁcients of thermal expan-
sion in the isotropy plane and along the X3-axis, respectively.
3. Thermal anticrack problem and solution
Let us consider a transversely isotropic space that is weakened
by a heat-insulated rigid inclusion (anticrack), which occupies a
bounded plane area S with a smooth proﬁle in the isotropy plane
x3 ¼ 0. There is a constant heat ﬂux qð1Þ ¼ ½0;0;q0; q0 > 0 in
the direction of the negative X3-symmetry axis (Fig. 1). Thus, it is
necessary to solve Eq. (2), which satisﬁes the following thermal
boundary conditions:
q3 ¼ k3T ;3 ¼ 0; ðx1; x2; x3 ¼ 0Þ 2 S
ðheat insulated inclusionÞ; ð10Þ
qa ¼ k1T ;a ¼ 0; q3 ¼ k3T ;3 ! q0 as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1
ðperpendicular heat fluxÞ: ð11Þ
The solution has the following form:
T ¼ Tð0Þ þ ~T; ð12Þ
where
Tð0Þ;cc þ k20 Tð0Þ;33 ¼ 0; ðx1; x2; x3Þ 2 R3;
Tð0Þ;1 ¼ Tð0Þ;2 ¼ 0; Tð0Þ;3 !
q0
k3
as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1
ð13Þ
and
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~T ;3 x1; x2; x3 ¼ 0
  ¼ Tð0Þ;3 x1; x2; x3 ¼ 0 ; x1; x2; x3 ¼ 0  2 S;
~T ! 0 as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1:
ð14Þ
The temperature T ð0Þ at any point in the solid can be readily
determined as follows:
Tð0Þðx1; x2; x3Þ ¼ q0k3 x3: ð15Þ
The presence of an insulated anticrack is a local disturbance to
this linear distribution. This disturbance arises from the thermal
boundary condition (14)2. In addition, given the anti-symmetry
of the temperature ﬁeld, we can restrict the analysis to the upper
half-space x3 P 0, resulting in the following mixed boundary prob-
lem for the disturbed temperature ~T:
~T ;cc þ k20 ~T ;33 ¼ 0; x3 > 0;
~T ;3ðx1; x2; x3 ¼ 0þÞ ¼  q0k3 ; ðx1; x2; x3 ¼ 0
þÞ 2 Sþ;
~Tðx1; x2; x3 ¼ 0þÞ ¼ 0; ðx1; x2; x3 ¼ 0þÞ 2 R2  Sþ;
~T ! 0 as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1:
ð16Þ
A solution to this problem can be found in potential theory (Kel-
logg, 1953) and has the following form:
~Tðx1; x2; x3Þ ¼ @
~xðx1; x2; z0Þ
@z0
jz0¼k0x3 ;
~xðx1; x2; z0Þ ¼  12p
Z Z
s
xðn1; n2Þdn1dn2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  n1Þ2 þ ðx2  n2Þ2 þ z20
q : ð17Þ
The expressions above satisfy equations (16)1, (16)3 and (16)4;
using (16)2 leads to an integro-differential singular equation of
the Newton type for the unknown density of the potential of the
single layer xðn1; n2Þ
D
Z Z
s
xðn1; n2Þdn1dn2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  n1Þ2 þ ðx2  n2Þ2
q ¼  2pq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ; ð18Þ
where D ¼ @2
@x21
þ @2
@x22
is the two-dimensional Laplace operator.
Note that the structure of Eq. (18) is identical to that of a mode I
crack problem in elasticity under constant loading (see, e.g., Fabrik-
ant (1989)). Thus, the results from the literature can be used di-
rectly. Furthermore, the property of the normal derivative of the
simple-layer potential ~xðx1; x2; z0Þ results in a jump in the desired
temperature s~TtS across the surface of the rigid inclusion:
s~TtS  ~Tðx1; x2;0þÞ  ~Tðx1; x2;0Þ ¼ 2xðx1; x2Þ; ðx1; x2Þ 2 S: ð19Þ
Thus, the anticrack locally obstructs the heat ﬂow, and the un-
known function in the governing equation (18) can be identiﬁed
as the temperature at the upper side of the inclusion, i.e.,
xðx1; x2Þ ¼ ~Tðx1; x2; x3 ¼ 0þÞ; ðx1; x2Þ 2 S.4. Thermal stress anticrack problem and solution
Having determined the temperature T ¼ Tð0Þ þ ~T , next consider
the associated thermoelastic problem, i.e., the determination of
the ﬁelds ui;rij that are suitably smooth on R3  S such that Eqs.
(3)–(8) hold subject to the following mechanical boundary
conditions:
u1 ¼ u2 ¼ 0; u3 ¼ e; ðx1; x2; x3 ¼ 0Þ 2 S
ðrigid inclusion with vertical translationÞ; ð20Þrij ! 0 as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1 ðstress-free state at infinityÞ:
ð21Þ
Here, the small unknown constant e characterizes the rigid
translation of the anticrack along the X3-axis. This parameter will
be determined in the course of solving the problem at hand for
the following equilibrium condition:Z Z
S
sr33tSdx1dx2 ¼ 0: ð22Þ
The problem under consideration can be separated into two
parts: the ﬁrst part is solved over a space in which the simple ﬂow
of heat produces a temperature Tð0Þ, which is given by Eq. (15), and
the second, non-trivial part is associated with the disturbed
temperature ~T that is calculated using Eq. (17). Hence, a solution
is obtained in the following form:
ui ¼ uð0Þi þ ~ui; rij ¼ rð0Þij þ ~rij; ð23Þ
where superscript ð0Þ denotes the principal state of the inclusion-
free space, and the tilde corresponds to the perturbation caused
by the anticrack.
The solution to the governing equations (3) at the given temper-
ature Tð0Þ and the stress-free conditions at inﬁnity (cf. Eq. (21)) are
found using the method of unknown coefﬁcients by assuming that
the unknown displacements uð0Þi must be quadratic polynomials in
xi. The results are as follows:
uð0Þa ðx1; x2; x3Þ ¼
b3q0
k3ð2c13 þ c33Þ xax3;
uð0Þ3 ðx1; x2; x3Þ ¼
b3q0
2k3ð2c13 þ c33Þ x
2
3  x21  x22
 
;
rð0Þij ðx1; x2; x3Þ ¼ 0: ð24Þ
We now proceed to ﬁnd the corrective solution to the perturbed
problem that is governed by Eqs. (3)–(8), where the unknowns are
marked with a tilde, and the known temperature is given by ~T ¼ @ ~x
@z0
.
Taking into account the skew-symmetry of the temperature state,
the resulting conditions for the displacements (i.e., ~u1; ~u2 are odd in
x3, and ~u3 is even in x3), the anti-symmetry of the deformation and
the conditions (20)–(24), the problem can be transformed into a
mixed boundary problem over a half-space x3 P 0, with the
following conditions on the plane x3 ¼ 0:
~ua x1; x2; x3 ¼ 0þ
  ¼ 0; ðx1; x2Þ 2 R2; a ¼ 1;2; ð25Þ
~u3 x1; x2; x3 ¼ 0þ
  ¼ b3q0
2k3ð2c13 þ c33Þ x
2
1 þ x22
 þ e; ðx1; x2Þ 2 S;
ð26Þ
~r33 x1; x2; x3 ¼ 0þ
  ¼ 0; ðx1; x2Þ 2 R2  S: ð27Þ
Moreover, from (21), the following regularity condition must be
satisﬁed:
~ui ¼ Oðjxj1Þ as jxj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ x23
q
!1: ð28Þ
Thus, having obtained the normal stress ~r33jSþ , the unknown
parameter e can be determined from Eq. (22).
The solution method given above is based on representing the
components of the displacements ~ui in terms of harmonic potential
functions that satisfy the governing equations (3) and are suitable
for the mixed boundary conditions (25)–(27). However, the general
potential representation depends on the material constants of the
transversely isotropic material. For brevity, we conﬁne ourselves to
the general case where t1 – t2; ta – k0 (all of the constants appear-
ing here and henceforth are given in Appendix A). Using the results
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skyy (2009b) with minor modiﬁcations, the general solution to the
basic displacement equations (3) in this case can be written in the
following form:
~ua ¼ ~/1 þ ~/2 þ c1
Z 1
z0
~xðx1; x2; z0Þdz0
 
;a
þ eca~/3;c; a ¼ 1;2;
~u3 ¼ mata @
~/a
@za
þ c2k0 ~x;
ð29Þ
where ~/i  ~/iðx1; x2; ziÞ; zi ¼ tix3 are harmonic in the appropriate
coordinate systems ðX1;X2; ZiÞ, i.e.,
Dþ @
2
@z2i
 !
~/i ¼ 0; i ¼ 1;2;3 ðno sum on iÞ: ð30Þ
Moreover, e12 ¼ 1; e21 ¼ 1; e11 ¼ e22 ¼ 0 and the constants
ma; ca; ti are listed in Appendix A.
Examination of Eq. (29) shows that because of the linearity of
the system, a solution can be constructed using three harmonic
potentials ~/i, which correspond to an elastic state of 3D isothermal
elastostatics, and the thermal harmonic potential ~x (see Eq. (17)),
which is associated with a particular thermoelastic state.
Using the potential functions that appearing in Eq. (29) reduces
the problem under consideration to a mixed problem in potential
theory over a half-space, assuming that the thermal potential ~x
is known. To this end, we choose the potentials ~/iðx1; x2; ziÞ in the
following form:
~/aðx1; x2; zaÞ ¼ ð1Þa~f ðx1; x2; zaÞ þ aa
Z 1
za
~xðx1; x2; zaÞdza;
a ¼ 1;2 ðno sum on aÞ;
~/3ðx1; x2; z3Þ ¼ 0;
ð31Þ
where ~f ðx1; x2; x3Þ is an unknown harmonic function and a1; a2 are
constants to be determined.
Substituting (31) into (29) yields
~ua ¼ ð1Þc ~f x1; x2; zc
 h i
;a
þ ac
Z 1
zc
~x;a x1; x2; zc
 
dzc
þ c1
Z 1
z0
~x;a x1; x2; z0ð Þdz0; a ¼ 1;2; ð32Þ
~u3¼ð1Þcmctc @
~f ðx1;x2;zcÞ
@zc
acmctc ~xðx1;x2;zcÞþc2k0 ~xðx1;x2;z0Þ:
ð33Þ
Using the constitutive relations (4)–(8), the stresses corre-
sponding to these displacements are obtained as follows:
~r3a
c44
¼ ð1Þcð1þmcÞtc @
2~f ðx1; x2; zcÞ
@zc@xa
 actcð1þmcÞ ~x;aðx1; x2; zcÞ
 ðc1  c2Þk0 ~x;aðx1; x2; z0Þ; ð34Þ
~r33 ¼ c44ð1Þcð1þmcÞ @
2~f ðx1; x2; zcÞ
@z2c
 c44acð1þmcÞ
 @ ~xðx1; x2; zcÞ
@zc
 d3 @
~xðx1; x2; z0Þ
@z0
; ð35Þ
~r12 ¼ ðc11  c12Þ ð1Þc~f ðx1; x2; zcÞ þ ac
Z 1
zc
~xðx1; x2; zcÞdzc
"
þ c1
Z 1
z0
~xðx1; x2; z0Þdz0

;12
; ð36Þ~r11¼c44ð1Þcð1þmcÞt2c
@2~f ðx1;x2;zcÞ
@z2c
c44acð1þmcÞ
@ ~xðx1;x2;zcÞ
@zc
d1 @
~xðx1;x2;z0Þ
@z0
ðc11c12Þ ð1Þc~f ðx1;x2;zcÞ
h
þac
Z 1
zc
~xðx1;x2;zcÞdzcþc1
Z 1
z0
~xðx1;x2;z0Þdz0
#
;22
; ð37Þ
~r22¼c44ð1Þcð1þmcÞt2c
@2~f ðx1;x2;zcÞ
@z2c
þc44acð1þmcÞ
@ ~xðx1;x2;zcÞ
@zc
d1 @
~xðx1;x2;z0Þ
@z0
ðc11c12Þ ð1Þc~f ðx1;x2;zcÞ
h
þac
Z 1
zc
~xðx1;x2;zcÞdzcþc1
Z 1
z0
~xðx1;x2;z0Þdz0
#
;11
; ð38Þ
where the constants d3 and d1 are given by
d3 ¼ b3  c1c13  c2c33k20; d1 ¼ b1  c1c11  c2c13k20: ð39Þ
The expressions in the displacement-stress representation gi-
ven above can be simpliﬁed on the plane x3 ¼ 0þ (where
z1 ¼ z2 ¼ z0 ¼ 0þ). In addition, letting
a1 þ a2 ¼ c1;
ð1þm1Þa1 þ ð1þm2Þa2 ¼  d3c44 ;
ð40Þ
allows us to obtain the quantities of interest as follows:
~ua ¼ 0; a ¼ 1;2;
~u3 ¼ ð1Þcmctc @
~f ðx1; x2; x3Þ
@x3

x3¼0þ
 ðacmctc  c2k0Þ ~xðx1; x2;0þÞ;
~r33 ¼ c44ðm2 m1Þ @
2~f ðx1; x2; x3Þ
@x23

x3¼0þ
:
ð41Þ
Solving the system (40), we obtain the following expressions:
a1 ¼
c1ð1þm2Þ  d3c44
m1 m2 ; a2 ¼
c1ð1þm1Þ þ d3c44
m1 m2 : ð42Þ
Thus, Eq. (41) can be used to reduce the perturbation problem
caused by the inclusion, as deﬁned by Eqs. (25)–(27), to the classi-
cal mixed problem in potential theory (Sneddon, 1966) of ﬁnding
the harmonic function ~f in the half-space x3 P 0 from the follow-
ing boundary conditions:
@~f ðx1; x2; x3Þ
@x3

x3¼0þ
¼ ðm2t2 m1t1Þ1f0ðx1; x2Þ; ðx1; x2Þ 2 S;
@2~f ðx1; x2; x3Þ
@x23

x3¼0þ
¼ 0; ðx1; x2Þ 2 R2  S;
ð43Þ
where f0ðx1; x2Þ is given as follows:
f0ðx1; x2Þ ¼ b

2p
Z Z
S
xðn1; n2Þdn1dn2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  n1Þ2 þ ðx2  n2Þ2
q þ Aðx21 þ x22Þ þ e;
ð44Þ
with the following constants
b ¼ c2k0  a1m1t1  a2m2t2; A ¼ b3q02k3ð2c13 þ c33Þ : ð45Þ
A well-known solution to the boundary problem (43) in
potential theory (Kellogg, 1953) may be written as follows:
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Z Z
S
qðn1; n2Þ
 ln
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  n1Þ2 þ ðx2  n2Þ2 þ x23
q
þ x3
 
dn1dn2;
ð46Þ
where the unknown simple layer density q can be identiﬁed as the
normal stress ~r33jSþ , i.e.,
qðx1; x2Þ ¼ ~r33ðx1; x2; x3 ¼ 0þÞ; ðx1; x2Þ 2 S; ð47Þ
which satisﬁes the following governing integral equation using
(43)1:
~H
Z Z
S
qðn1; n2Þdn1dn2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  n1Þ2 þ ðx2  n2Þ2
q ¼ f0ðx1; x2Þ; ðx1; x2Þ 2 S; ð48Þ
where f0 is given by Eq. (44), and the constant ~H is deﬁned as
follows:
~H ¼ m2t2 m1t1
2pc44ðm2 m1Þ
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p þ c44
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c33
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11c33p þ c13 þ 2c44ð Þp : ð49Þ
Note that the integral equation, Eq. (48), has a similar form to
that of anticrack problem that only involves mechanical loads
(Kaczyn´ski, 1999); thus, the thermal inclusion problem at hand re-
duces to its mechanical analog, provided the values of ~xðx1; x2;0þÞ
(see Eq. (17)) are known from the solution to the temperature
problem given in Eq. (18). Furthermore, Eq. (48) has structure that
has been studied thoroughly by Fabrikant (1989, 1991) for various
contact problems, and hence, may be solved using the results
achieved therein. Analytical solutions to the derived equations
(48) and (18) are available when the rigid inclusion is elliptical,
and f0 is a polynomial (Rahman, 2002). For other shapes of S,
numerical methods must be used (see, for instance, Kit and Khay
(1989) and Dell’Erba (2002)).
Finally, once the normal stresses qðx1; x2Þ ¼ ~r33ðx1; x2;0þÞ are
known from the solution to Eq. (48), the rigid vertical displacement
e is found from the equilibrium condition (22), which may be
expressed as follows:Z Z
S
qðx1; x2Þdx1dx2 ¼ 0: ð50Þ
Moreover, the primary potential ~f can be obtained from Eq. (46),
and the complete thermoelastic perturbed displacement and stress
ﬁelds can be determined using Eqs. (32)–(39).
5. Example: complete solution to the circular anticrack problem
As an illustration, a complete solution to the considered prob-
lem is presented here in terms of elementary functions for an abso-
lutely rigid circular (penny-shaped) inclusion of radius a, i.e.,
S ¼ ðx1 ¼ r cos h; x2 ¼ r sin h;0Þ : r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
6 a ^ 0 6 h < 2p
n o
.
In this case, it is possible (as for the anticrack isotropic problem
considered in Kaczyn´ski and Kozłowski (2009)) to obtain analytical
solutions to Eqs. (18) and (48) by employing the results given by
Fabrikant (1989, 1991) and Rahman (2002).
The solution to the governing equation of the thermal problem,
Eq. (18), is given as follows:
xðx1; x2Þ ¼ 2q0
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa2  r2p ; ðx1; x2Þ 2 S: ð51Þ
Following Fabrikant (1989), exact expressions for the thermal
potential ~x, the perturbed temperature ~T and the ﬂuxes ~qi can
be determined from relations (17) and (1) for x3 P 0:~xðx1;x2;z0Þ¼ q0
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p 2a2þ2z20 r2 sin1 al20
2a23l210
a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l220a2
q" #
;
~Tðx1;x2;x3Þ ¼ 2q0
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p k0x3 sin1 al20
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 l210
q 
;
~qaðx1;x2;x3Þ¼2q0a
2
p
ﬃﬃﬃﬃﬃ
k1
k3
s
xa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 l210
q
l220 l
2
20 l210
	 
 ;
~q3ðx1;x2;x3Þ ¼2q0p sin
1 a
l20

a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l220a2
q
l220 l210
0
@
1
A;
ð52Þ
where Fabrikant’s notation is given below:
l1 l1ða;r;x3Þ¼12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrþaÞ2þx23
q

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðraÞ2þx23
q 
; l10¼ l1ða;r;z0Þ;
l2 l2ða;r;x3Þ¼12
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrþaÞ2þx23
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðraÞ2þx23
q 
; l20¼ l2ða;r;z0Þ;
ð53Þ
along with the following properties:
l1jx3¼0 ¼minða; rÞ; l2jx3¼0 ¼ maxða; rÞ: ð54Þ
Only the values ~xðx1; x2; 0þÞ ¼  q0
4
ﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ð2a2  r2Þ are needed to
specify the right hand side (RHS) of the governing equation (48),
which is a second-order polynomial in the variable r from Eq. (44):
f0ðx1; x2Þ ¼ f0ðrÞ ¼ b
q0a
2
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p þ eþ A bq0
4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p
 !
r2: ð55Þ
Proceeding as for an isotropic elasticity (Kaczyn´ski and
Kozłowski, 2009), the exact analytical solution of the governing
integral equation (48), for which the RHS is given by (55), can be
obtained using the following form for the unknown function
qðx1; x2Þ ¼ ~r33ðx1; x2;0þÞ:
qðx1; x2Þ ¼ qðrÞ ¼ p0a
2  p2r2
~Hp2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p ; 0 6 r < a; ð56Þ
where p0;p2 are the unknown constants to be determined. Inserting
Eq. (56) into (48) with the RHS given by Eq. (55) and then using the
formulas for the resulting integrals given by Fabrikant (1989)
results in an equality between two second-order polynomials.
Equating the terms from the left and right hand sides of the polyno-
mials with the same powers of r0 and r2 yields a system of two
linear algebraic equations that can be solved to obtain the following
formulas for the unknown coefﬁcients:
p0 ¼ 2A
bq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p  e
a2
; ð57Þ
p2 ¼ 4A
bq0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ¼ q0 2b3k3ð2c13 þ c33Þ 
bﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p
" #
: ð58Þ
Then, applying the equilibrium condition (50) yields
p0 ¼
2
3
p2 ð59Þ
and the translational rigid displacement e is determined from Eqs.
(57) and (58) as follows:
e ¼ a2 b
q0
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p þ 2
3
A
 !
¼ a2 2A 1
3
p2
 
: ð60Þ
Thus, Eq. (59) can be used to simplify the function given by Eq.
(56) as follows:
qðrÞ ¼ ~r33ðr;0þÞ ¼ p2
3p2 ~H
2a2  3r2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p ; 0 6 r < a: ð61Þ
A. Kaczyn´ski / International Journal of Solids and Structures 51 (2014) 2382–2389 2387The primary harmonic potential for the thermoelastic perturbed
problem is obtained by using Eq. (61) to calculate the integral (46).
Using the results given in Fabrikant (1989, 1991), we obtain the
following results for x3 P 0:
~f ðx1 ;x2;x3Þ¼ p23p2ðm2t2m1t1Þ x3 sin
1 a
l2
a23
2
r2þx23
 
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 l21
q
5
2
r2þ1
3
a2 l22
11
6
l21
  
;
@~f ðx1;x2;x3Þ
@x3
¼ p2
3pðm2t2m1t1Þ a
23
2
r2þ3x23
 
sin1
a
l2

3ð2a23l21Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l22a2
q
2a
2
4
3
5;
@2~f ðx1 ;x2 ;x3Þ
@x23
¼ 2p2
3pðm2t2m1t1Þ 3x3 sin
1 a
l2
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 l21
q
þ
a2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 l21
q
l22 l21
2
4
3
5:
ð62Þ
There is a considerable similarity between the results ob-
tained here and those obtained for the corresponding isotropic
problem (Kaczyn´ski and Kozłowski, 2009). Note that Eqs. (61)
and (62) are the same as the corresponding equations in the
cited paper except for the coefﬁcients. The expressions for the
stress-displacement ﬁeld in the full space can be obtained in
terms of elementary functions by differentiation, as shown in
Eqs. (32)–(38) using Appendix A in Kaczyn´ski and Kozłowski
(2009). The thermoelastic state corresponding to the given heat
ﬂow is clearly axially symmetric (i.e., independent of the angular
coordinate h). A complete solution can be obtained to the prob-
lem under consideration. We omit the resulting lengthy formulas
because of space considerations. To investigate the behavior of
the thermal stress ﬁeld in the vicinity of the anticrack front,
we investigate the closed-form solution in the inclusion plane
x3 ¼ 0. This solution is given as follows:Tðr;0Þ ¼
 2q0
p
ﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa2  r2p 0 6 r 6 a
0 r > a
(
; ð63Þ
qrðr;0Þ ¼ k1
@Tðr;0Þ
@r
¼ 
2q0
p
ﬃﬃﬃ
k1
k3
q
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p 0  r  a
0 r > a
(
;
q3ðr;0Þ ¼ k3T ;3ðr;0Þ ¼
0 0  r < a
2q0
p sin
1 a
r  aﬃﬃﬃﬃﬃﬃﬃﬃﬃr2a2p
	 

 q0 r > a
(
;
ð64Þ
u1ðr;0Þ ¼ u2ðr;0Þ ¼ 0 0  r <1;
u3ðr;0Þ ¼
e 0  r < a
2
p ðeþ Ar2Þ sin1 ar  2Aap
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  a2
p
 Ar2 r > a
(
;
ð65Þ
r33ðr;0Þ ¼ 
~b3q0
p
2a23r2ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p 0  r < a
0 r > a
(
; ð66Þ
r3rðr;0Þ ¼ r31ðr;0Þ cos hþ r32ðr;0Þ sin h
¼
~bq0r 0 6 r < a
2q0
p
~br sin1 ar 
~bra3
r
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p  ~ba
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2a2
p
r
	 

r > a
8<
: ;
ð67Þ
r11ðr;0Þ ¼ r22ðr;0Þ ¼ rrrðr;0Þ ¼ rhhðr;0Þ
¼ 	
2q0
p
~b1a2ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p þ ~b2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  r2
p	 

0 6 r < a
0 r > a
(
;
ð68Þ
r12ðr;0Þ ¼ rrhðr;0Þ ¼ r3hðr;0Þ ¼ 0 0 6 r <1; ð69Þwhere (see Eq. (45))
b0 ¼
2b3
k3ð2c13 þ c33Þ 
bﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ;
b ¼ c2k0 þ d3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p þ c44ð Þ  c1c44 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11c33p  c13ð Þ
c33c44tþ
;
ð70Þ
~b3 ¼ 2b0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c44c33
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃc11c33p þ c13 þ 2c44ð Þp
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p þ c44ð Þ ; ð71Þ
~br ¼ b0c44
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þ
3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p þ c44ð Þ ; ð72Þ
~b ¼ c44
2
3~br 
~dþ ðc1  c2Þk0ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k2
p
" #
;
~d ¼ Að2c1c44  d3Þ
c33c44tþ
 c1tþ;
ð73Þ
~b1 ¼
~b3c13
2c33
;
~b2 ¼ c44ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k2
p b1  b3 þ c1ðc13  c11Þ þ c2k20ðc33  c13Þh i 3~b1:
ð74Þ
Comparing this solution and the solution obtained for the corre-
sponding isotropic problem in Kaczyn´ski and Kozłowski (2009)
shows that the functional dependence of the displacements and
stresses in both solutions is the same and that only the coefﬁcients
are different. Consequently, we review the following relevant re-
sults for the behavior of thermal stresses.
(1) The normal stresses r33 exhibit a jump discontinuity across
the inclusion plane and change sign from positive to nega-
tive at r ¼ ﬃﬃﬃﬃﬃﬃﬃﬃ2=3p a.
(2) The stresses r33, rrr and rhh are unbounded as r ! a
whereas the stress r3r is unbounded as r ! aþ and exhibits
the familiar inverse square-root singularity.
(3) From the perspective of linear fracture mechanics, there are
two possible failure mechanisms:
– a mode II (edge-sliding) deformation, which is character-
ized by the stress intensity factor:
K II ¼ lim
r!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðr  aÞ
p
r3rðr;0Þ ¼ 2
~brq0a
ﬃﬃﬃ
a
pﬃﬃﬃ
p
p ; ð75Þ
– and a separation of the material from the inclusion,
which is characterized by the following stress singularity
coefﬁcients:ﬃﬃﬃp
SI ¼ limr!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða rÞ
p
r33ðr;0Þ ¼ 	
~b3q0a aﬃﬃﬃ
p
p : ð76ÞThe present solution is validated by examining the transition to
the special isotropic case for which a closed-form solution is
available. Considering the following substitutions or replacements,
k1 ¼ k3 ! k; k0 ¼ 1;
c33 ¼ c11 ¼ kþ 2l; c12 ¼ c13 ¼ k; c44 ¼ l;
a1 ¼ a3 ! a; b1 ¼ b3 ! b ¼ ð3kþ 2lÞa;
b ! c ¼ b=2ðkþ 2lÞ;
ð77Þ
recovers the solution presented by Kaczyn´ski and Kozłowski (2009)
for the isotropic material (with the Lamé constants k; l and the lin-
ear coefﬁcient of thermal expansion a).
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compare the SIF of Mode II given by Eq. (75) with the correspond-
ing SIF for a penny-shaped crack, which is denoted by KcrackII and can
be obtained using the results from Kaczyn´ski and Matysiak (2003)
as follows:
KcrackII ¼
2~bcrackr q0a
ﬃﬃﬃ
a
pﬃﬃﬃ
p
p ; ð78Þ
where
~bcrackr ¼
b3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þ þ d
3tþc33
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ;
d ¼ c1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c2c33k20
	 
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þ  c44c33k0tþðc1  c2Þ:
ð79Þ
To compare the anticrack and the crack problems, we introduce
the following ratio of the respective SIFs:
m  jK IIj
KcrackII
¼
~br
bcrack
¼ b0c33c44tþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p þ c44ð Þ b3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13ð Þ þ d½  : ð80Þ
It can be shown that in going from a transversely isotropic to an
isotropic material, this ratio fully conforms to the result of Kac-
zyn´ski and Kozłowski (2009).
As an illustration, let us calculate m for hexagonal zinc, which
has the following material properties (Hou et al., 2008):
elastic constants (109 N m2): c11 ¼ 162:8; c12 ¼ 50:8; c13 ¼
36:2; c33 ¼ 62:7; c44 ¼ 38:5;
thermal linear expansion coefﬁcients (106 K1): a1 ¼ 5:818;
a3 ¼ 15:35;
thermal moduli (105 N K1 m2): b1 ¼ 17:9839; b3 ¼ 13:8367;
and
heat conduction coefﬁcients (WK1 m1): k1 ¼ k3 ¼ 124.
The date given above can be used to obtain the results given be-
low (see Appendix A).ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p
¼ 124; k0 ¼ 1, Aþ ¼ 137:23, A ¼ 64:83 < 2c44 ¼ 77,
tþ ¼ 2:4, t1 ¼ 1:2 0:42i; t2 ¼ 1:2þ 0:42iði2 ¼ 1Þ, c1 ¼ 0:23265,
c2 ¼ 0:14638, d3 ¼ 14:6.
We also ﬁnd that b0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k1k3
p
¼ 0:1 and d ¼ 77:5, which results in
m ¼ 0:33 from Eq. (80). Thus, from a fracture mechanics perspec-
tive, a crack in hexagonal zinc is more dangerous than an anticrack
in terms of the perpendicular heat ﬂow.
6. Conclusions
A three-dimensional thermal stress problem for the obstruction
of a uniform perpendicular heat ﬂux in a transversely isotropic
space by an insulated rigid inclusion has been investigated. The
procedure for solving this problem follows the same line of reason-
ing as was used to solve the isotropic problem considered by Kac-
zyn´ski and Kozłowski (2009). By constructing appropriate
potential functions, the thermal stress anticrack problem was re-
duced to a classical mixed problem that appears in typical electro-
static and contact problems (Sneddon, 1966; Fabrikant, 1989), as
well as in anticrack problems under mechanical loads (Kaczyn´ski,
1999). The governing integral equation for the normal stress ex-
erted on the upper side of the rigid inclusion surface was derived
from potential theory. This integral equation has not appeared pre-
viously in the literature. As an illustration, a complete solution in
elementary functions was obtained for a circular inclusion. The
expressions for the relevant ﬁeld quantities, e.g., the displace-
ments, stresses, temperatures, and heat ﬂuxes for the inclusion
plane, in the solution to the corresponding isotropic problem dif-
fered only quantitatively from those for the transversely isotropicproblem. Thus, the thermomechanical behavior of the stress ﬁeld
near the inclusion edge and its interpretation from a fracture per-
spective are similar for transversely isotropic and isotropic materi-
als. The primary results of this paper were the reduction of the
thermal problem under consideration to its antisymmetric
mechanical analog and the determination of a new complete solu-
tion for a circular anticrack, which was expressed explicitly in
terms of the material and thermal constants of transversely isotro-
pic materials.
Appendix A
Here, we recall the general solution for displacements (see Eq.
(3)) given by the potential representation (29) that was developed
by Kaczyn´ski (1993, 1994). Note that this approach is different
from that of Chen et al. (2004).
First, the disturbed temperature ﬁeld is solved for. This ﬁeld is
expressed in terms of the temperature potential ~x (see Eq. (17))
~Tðx1; x2; x3Þ ¼ @
~xðx1; x2; z0Þ
@z0

z0¼k0x3
: ðA:1Þ
Next, we search for a solution to Eq. (3) where the RHS in (A.1)
can be expressed as the sum of the general solution to the homo-
geneous equations in which the RHS is zero plus a temperature-
dependent particular solution. However, the form of the displace-
ment representation depends on three material parameters
tj; j ¼ 1;2;3 and can be obtained for the general case (A) when
t1 – t2 – k0 and for the following cases: (B) t1 ¼ t2 – k0, (C)
t1 ¼ t2 ¼ k0, and (D) t1 ¼ t2 ¼ k0 ¼ 1 (i.e., the isotropic case). We
only consider case (A). Then, the general solution to the homoge-
neous equations of 3D isothermal transversely isotropic elastostat-
ics has the following form:
~uð0Þ1 ¼ ~/1 þ ~/2
	 

;1
 ~/3;2;
~uð0Þ2 ¼ ~/1 þ ~/2
	 

;2
þ ~/3;1;
~uð0Þ3 ¼ mata
@~/a
@za
ðA:2Þ
and the particular solution to Eq. (3) is chosen as follows:
~uðpÞ1 ¼ c1
Z 1
z0
~x;1dz0;
~uðpÞ2 ¼ c1
Z 1
z0
~x;2dz0;
~uðpÞ3 ¼ c2k0 ~x;
ðA:3Þ
provided the constants c1 and c2 are the solutions to the following
linear system:
c11  c44k20
	 

c1 þ ðc13 þ c44Þk20c2 ¼ b1;
ðc13 þ c44Þc1 þ c33k20  c44
	 

c2 ¼ b3:
ðA:4Þ
In the equations above, the functions ~/i  ~/iðx1; x2; ziÞ; zi ¼ tix3
are harmonic in the appropriate coordinate systems ðX1;X2; ZiÞ (i.e.,
the functions satisfy Eq. (30)), and the constant
t3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðc11  c12Þ=2c44p > 0, whereas the constants taða ¼ 1;2Þ are
the roots of the positive real part of the following eigen-equation
(Ding et al., 2006):
WðtÞ  c33c44t4 þ ðc13Þ2 þ 2c13c44  c11c33
h i
t2 þ c11c44 ¼ 0: ðA:5Þ
We obtain the following results:
A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13 > 2c44 )
t1 ¼ 0;5ðtþ  tÞ > 0
t2 ¼ 0;5ðtþ þ tÞ > 0

; ðA:6Þ
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A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13 < 2c44 ) t1 ¼ 0;5ðtþ  it
Þ
t2 ¼ 0;5ðtþ þ itÞ

; i2 ¼ 1;
ðA:7Þ
where
A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11c33
p  c13;
t ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðA  2c44ÞA	=c33c44
p
;
t ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2c44  AÞAþ=c33c44
p
:
ðA:8Þ
Moreover, solving the system (A.4) yields
c1 ¼ k
2
0 ðc13 þ c44Þb3  c33b1½  þ c44b1
Wðk0Þ ;
c2 ¼ ðc13 þ c44Þb1  c11b3 þ k
2
0c44b3
Wðk0Þ ;
ðA:9Þ
providedWðk0Þ ¼ c33c44ðk20  t21Þðk20  t22Þ–0, which leads to the con-
dition t1 – t2 – k0.
The constants m1 and m2 which are related to t1 and t2 are de-
ﬁned as follows:
ma ¼ c11t
2
a  c44
c13 þ c44 ¼
c13 þ c44
t2ac33  c44
; a ¼ 1 or 2: ðA:10Þ
Note that
c33mat2a  c13 ¼ c44ð1þmaÞ;
c11  c13mat2a ¼ c44t2að1þmaÞ
(
; a ¼ 1 or 2;no sum on a
m1m2 ¼ 1;
t1t2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c11=c33
p
:
ðA:11ÞReferences
Altenbach, H., Altenbach, J., Kissing, W., 2004. Mechanics of Composite Structural
Elements. Springer, Berlin-Heidelberg.
Barber, J.R., 1975. Steady-state thermal stresses in an elastic solid containing an
insulated penny-shaped crack. J. Strain Anal. 10 (1), 19–24.
Chao, C.K., Shen, M.H., 1998. Thermal stresses in a generally anisotropic body with
an elliptic inclusion subject to uniform heat ﬂow. J. Appl. Mech. 65, 51–58.
Chaudhuri, R.A., 2003a. Three-dimensional asymptotic stress ﬁeld in the vicinity of
the circumference of a penny-shaped discontinuity. Int. J. Solids Struct. 40 (13–
14), 3787–3805.
Chaudhuri, R.A., 2003b. Eigenfunction expansion solutions for three-dimensional
rigid planar inclusion problem. Int. J. Fract. 121 (3–4), 95–110.
Chaudhuri, R.A., 2012. On three-dimensional singular stress ﬁeld at the front of a
planar rigid inclusion (anticrack) in an orthorhombic mono-crystalline plate.
Int. J. Fract. 174 (2), 103–126.
Chen, W.Q., Ding, H.J., Ling, D.S., 2004. Thermoelastic ﬁeld of transversely isotropic
elastic medium containing a penny-shaped crack: exact fundamental solution.
Int. J. Solids Struct. 41 (1), 69–83.
Dell’Erba, D.N., 2002. Thermoelastic Fracture Mechanics Using Boundary Elements.
WIT Press, Southamptom, Boston.
Ding, H., Chen, W., Zhang, L., 2006. Elasticity of Transversely Isotropic Materials.
Solid Mechanics and its Applications, vol. 126. Springer, The Netherlands.
Fabrikant, V.I., 1989. Applications of Potential Theory in Mechanics: A Selection of
New Results. Kluwer Academic Publishers, Dordrecht.
Fabrikant, V.I., 1991. Mixed Boundary Value Problems of Potential Theory and Their
Applications in Engineering. Kluwer Academic Publishers, Dordrecht.
Florence, A.L., Goodier, J.N., 1963. The linear thermoelastic problem of uniform heat
ﬂow disturbed by a penny-shaped crack. Int. J. Eng. Sci. 1 (6), 533–540.Hou, P.-F., Leung, A.Y.T., Chen, C.-P., 2008. Fundamental solution for transversely
isotropic thermoelastic materials. Int. J. Solids Struct. 45, 392–408.
Kaczyn´ski, A., 1993. On the three-dimensional interface crack problems in periodic
two-layered composites. Int. J. Fract. 62, 283–306.
Kaczyn´ski, A., 1994. Three-dimensional thermoelastic problems of interface cracks
in periodic two-layered composites. Eng. Fract. Mech. 48 (6), 783–800.
Kaczyn´ski, A., 1999. Rigid sheet-like interface inclusion in an inﬁnite bimaterial
periodically layered composite. J. Theor. Appl. Mech. 37 (1), 81–94.
Kaczyn´ski, A., Matysiak, S.J., 2003. On the three-dimensional problem of an interface
crack under uniform heat ﬂow in a bimaterial periodically-layered space. Int. J.
Fract. 123, 127–138.
Kaczyn´ski, A., Kozłowski, W., 2009. Thermal stresses in an elastic space with a
perfectly rigid ﬂat inclusion under perpendicular heat ﬂow. Int. J. Solids Struct.
46, 1772–1777.
Kaczyn´ski, A., Monastyrskyy, B., 2009a. Thermal stresses in a periodic two-layer
space with an interface rigid inclusion under uniform heat ﬂow. Acta Mech. 203,
183–195.
Kaczyn´ski, A., Monastyrskyy, B., 2009b. On the thermoelastic problem of uniform
heat ﬂow disturbed by a circular rigid lamellate inclusion. Arch. Mech. 61 (3–4),
309–324.
Kaczyn´ski, A., Monastyrskyy, B., 2013. A rigid inclusion in an elastic space under the
action of a uniform heat ﬂow in the inclusion plane. Int. J. Solids Struct. 50,
2631–2640.
Kassir, M.K., 1969. On the distribution of thermal stresses around an elliptical crack
in an inﬁnite solid. Int. J. Eng. Sci. 7, 769–784.
Kassir, M.K., Sih, G.C., 1967. Three-dimensional thermoelastic problems of planes of
discontinuities or cracks in solids. In: Shaw, W.A. (Ed.), Developments in
Theoretical and Applied Mechanics, vol. 3. Pergamon Press, London, pp. 117–
146.
Kassir, M.K., Sih, G.C., 1975. Three-Dimensional Crack Problems (Mechanics of
Fracture 2). Noordhoff International Publishing, Leyden.
Kellogg, O.D., 1953. Foundation of Potential Theory. Dover, New York.
Kirilyuk, V.S., 2001. Equilibrium of a transversely isotropic body with an elliptic
crack under thermal action. Int. Appl. Mech. 37 (10), 1304–1310.
Kit, H.S., Khay, M.V., 1989. Method of Potentials in Three-Dimensional
Thermoelastic Problems of Bodies with Cracks. Naukova Dumka, Kiev (in
Russian).
Kit, H.S., Poberezhnyi, O.V., 1972. Limiting equilibrium of a brittle body with a disc-
shaped crack, affected by force and temperature factors. Mater. Sci. 8 (2), 187–
192.
Krishna Rao, J.V.S., Hasebe, N., 1995. Axially symmetric thermal stress of a penny-
shaped crack under general heat ﬂux. J. Therm. Stresses 18 (6), 635–652.
Li, X.Y., 2012. Exact fundamental thermo-elastic solutions of a transversely isotropic
elastic medium with a half inﬁnite plane crack. Int. J. Mech. Sci. 59, 83–94.
Lin, C.C., Hwu, C., 1993. Uniform heat ﬂow disturbed by an elliptical rigid inclusion
embedded in an anisotropic elastic matrix. J. Therm. Stresses 16 (2), 119–133.
Noda, N., Ashida, F., 1987. Transient thermoelastic ﬁelds in a transversely isotropic
inﬁnite solid with a penny-shaped crack. J. Appl. Mech. 54, 854–860.
Nowinski, J.L., 1978. Theory Thermoelasticity with Applications. Alphen aan den
Rijn: Sijthoff & Noordhoff, The Netherlands.
Podil’chuk, Yu.N., 2001. Exact analytical solutions of three-dimensional static
thermoelastic problems for a transversally isotropic body in curvilinear
coordinate systems. Int. Appl. Mech. 37 (6), 728–761.
Rahman, M., 2002. A rigid elliptical disc-inclusion, in an elastic solid, subjected to a
polynomial normal shift. J. Elast. 66, 207–235.
Sekine, H., 1977. Thermal stress problem for a ribbon-like inclusion. Lett. Appl. Eng.
Sci. 5, 51–61.
Sekine, H., Mura, T., 1979. Thermal stresses around an elastic ribbon-like inclusion
with good thermal conductivity. J. Therm. Stresses 2, 475–489.
Shodja, H.M., Ojaghnezhad, F., 2007. A general uniﬁed treatment of lamellar
inhomogeneities. Eng. Fract. Mech. 74, 1499–1510.
Sneddon, I.N., 1966. Mixed Boundary Value Problems in Potential Theory. North-
Holland, Amsterdam.
Stadnyk, M.M., 2010. Elliptic crack in a space under the action of a heat ﬂow at
inﬁnity. Mater. Sci. 46 (3), 325–329.
Ting, T.C.T., 1996. Anisotropic Elasticity. Theory and Applications. Oxford University
Press, Oxford, New York.
Tsay, Y.M., 1983a. Thermal stress in a transversely isotropic medium containing a
penny-shaped crack. J. Appl. Mech. 50, 24–28.
Tsay, Y.M., 1983b. Transversely isotropic thermoelastic problem of uniform heat
ﬂow disturbed by a penny-shaped crack. J. Therm. Stresses 6, 379–389.
Yue, Z.Q., Selvadurai, A.P.S., 1995. On the mechanics of a rigid disc inclusion
embedded in a ﬂuid saturated poroelastic medium. Int. J. Eng. Sci. 33 (11),
1633–1662.
